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Abstract
In this paper, we investigate Moufang p-loops of nilpotency class at least three for p > 3. The
smallest examples have order p5 and satisfy the following properties: (1) They are of maximal nilpo-
tency class, (2) their associators lie in the center, and (3) they can be constructed using a general
form of the semidirect product of a cyclic group and a group of maximal class. We present some
results concerning loops with these properties. As an application, we classify proper Moufang loops
of order p5, p > 3, and collect information on their multiplication groups.
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Ruth Moufang introduced the concept of a quasigroup in the 1930’s as the abstraction
of the multiplicative structure of alternative division rings. Nowadays, these are called
Moufang loops and are quite near generalizations of groups, with weakened associativity.
The links between algebra (alternative rings, octonions), geometry (Moufang planes) and
group theory (triality, representation of exceptional Lie groups) explain the importance of
this class.
In some sense, the development of the theory of Moufang loops followed closely the
development of group theory. For example, after the classification of finite simple groups,
finite simple Moufang loops were classified by M. Liebeck. In general, one can say that
so far, the focus was on the study of the simple and semisimple structures of this class.
The only exception is the theory of commutative Moufang loops, where the main result
was reached by Bruck and Slaby. Roughly speaking, they showed the local nilpotence and
described the structure of the multiplication group in details. Another important nilpotent
Moufang loop is the Cayley loop of order 16, which can be constructed from an orthonor-
mal basis of the real octonions.
In [3,4], Glauberman and Wright showed that finite Moufang p-loops are centrally
nilpotent. It seems to be strange that for p > 3, relatively few examples of Moufang p-
loops are known, among them one in Example VII.5.3 by Bruck [1] and one of order p5
by Wright [11]. The reason for the lack of constructions was explained by Tim Hsu in [6].
He showed that for p > 3, the Moufang p-loops of nilpotency class 2 are associative. In a
weaker form, this result occurs already in Leong Fook’s papers [8,9], where he shows that
for p > 3, Moufang loops of order p4 are associative and Moufang loops of order p5 are
associative modulo their center.
The original aim of the authors of this paper was simply to construct many Moufang
p-loops for p > 3 and to collect information on their multiplication group. This task led us
naturally to Moufang loops of order p5 and of nilpotency class 3. Since Moufang loops are
diassociative, a proper Moufang p-loop of class n has order at least pn+2. If equality holds,
then we speak of a Moufang loop of maximal class. Moreover, it is also obvious that the
examples of order p5 are minimal in the sense that modulo the center, they are associative.
With other words, we met the class of Moufang loops with central associators.
In this paper, we first investigate the class of Moufang loops with central associators and
their multiplication group. The main results are the following. Let L be a Moufang p-loop,
p = 3, and assume L/Z(L) to be associative. Then, L/N(L) is a commutative group and
the nilpotency class of the multiplication group Mlt(L) equals to the class of L. Starting
from any group M , we give a general method to construct Moufang loops with central
associators. Similarly to semidirect product of groups, we are able to give the internal
characterization of this construction, as well. Furthermore, we show that if M is a p-group
of maximal class, than this product gives a proper Moufang loop of maximal class. We
use the theory of the core of Moufang loops in order to find a group M of maximal class
in any proper Moufang loops of order p5, p > 3. In this way, we can construct all such
loops. To deal with the problem of isomorphism, we introduce a characteristic subgroup of
index p. The final result is that for each prime p > 3, there are exactly 4 nonisomorphic
proper Moufang loops of order p5.
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All loops considered are Moufang, that is, they satisfy the Moufang identity x(y(xz)) =
((xy)x)z. The commutator and the associator elements
[x, y] = x−1y−1xy, (x, y, z) = (x(yz))−1((xy)z)
are defined as in [1]. The element a ∈ L is nuclear (central) if (x, y, a) = 1 ((x, y, a) =
[x, a] = 1) for all x, y ∈ L. The nuclear (central) elements form the nucleus N(L) (center
Z(L)) of L. The associator (commutator–associator) subloop of L is the smallest normal
subloop L∗ (L′) such that L/L∗ (L/L′) is an (Abelian) group. Clearly, L∗ (L′) is the
normal subloop generated by the associator (commutator and associator) elements of L.
The Frattini subloop Φ(L) of L is the intersection of maximal subloops of L; it is a well
defined normal subloop if L is nilpotent.
The translation maps Lx,Rx :L → L are defined by Lx(y) = xy and Rx(y) = yx. The
left and right translations generate the multiplication group Mlt(L) of L, the stabilizer of 1
in Mlt(L) is denoted by Inn(L). The map Lx,y = L−1xy LxLy is an inner map of L. Finally,
we say that the invertible map u :L → L is a left pseudo-automorphism with companion
element c if (cu(x))u(y) = cu(xy) holds for all x, y ∈ L.
2. Central associators and nuclear commutators
In this section, we consider Moufang loops with the property that the associator subloop
is contained in the center. We first highlight some results on such loops that are contained
in [1, Lemma VII.5.5].
Lemma 2.1. Let L be a Moufang loop where L∗ Z(L). If x, y, z are elements of L, then
the following identities hold for all integers n:
(
x, y, [y, z]) = 1,
(x, y, z) = (x, zy, z),
(x, y, z) = (y, z, x) = (y, x, z)−1,
(
xn, y, z
) = (x, y, z)n,
[xy, z] = [x, z][[x, z], y][y, z](x, y, z)3.
Now we prove a consequence of the condition L∗  Z(L).
Proposition 2.2. Let L be a Moufang loop where L∗  Z(L). If a, b, c, d are elements of
L then ([a, b], c, d)3 = 1 = ([a, b]3, c, d), in particular [a, b]3 is in the nucleus of L.
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Ly,x(z1z2) = z1z2(z1z2, x, y)
= z1(z1, x, y)z2(z2, x, y)
(
z1(z1, x, y), z2(z2, x, y),
[
y−1, x−1
])
therefore
(z1z2, x, y) = (z1, x, y)(z2, x, y)
(
z1, z2,
[
y−1, x−1
])
. (1)
The equality above will be used several times in the following calculation together with
Lemma 2.1.
([a, b], c, d) = (a−1b−1, c, d)(ab, c, d)(a−1b−1, ab, [d−1, c−1]).
Now, since
(
a−1b−1, c, d
) = (a−1, c, d)(b−1, c, d)(a−1, b−1, [d−1, c−1])
and
(ab, c, d) = (a, c, d)(b, c, d)(a, b, [d−1, c−1]),
we have
([a, b], c, d) = (a, b, [d−1, c−1])2(a−1b−1, ab, [d−1, c−1]).
We prove (a−1b−1, ab, e) = 1 for any e ∈ L. In fact
(
a−1b−1, ab, e
) = (a−1, ab, e)(b−1, ab, e)(a−1, b−1, [e−1, b−1a−1])
but now
(
a−1, ab, e
) = (b, e, a−1)(a, b, [a, e−1]) = (b, e, a−1)
and
(
b−1, ab, e
) = (a, e, b−1)(a, b, [b, e−1]) = (a, e, b−1).
Moreover
(
a−1, b−1,
[
e−1, b−1a−1
]) = (b−1a−1, b−1, [e−1, b−1a−1]) = 1.
Therefore (a−1b−1, ab, e) = 1, thus
([a, b], c, d) = (a, b, [d−1, c−1])2
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([a, b], c, d) = (a, b, [d−1, c−1])2 = ([d−1, c−1], a−1, b−1)2
= ([d−1, c−1], b−1, a−1)−2 = (d−1, c−1, [a, b])−4 = ([a, b], c, d)4,
thus ([a, b], c, d)3 = 1, which is equivalent to ([a, b]3, c, d) = 1 by Lemma 2.1, hence
[a, b]3 ∈ N(L) for any a, b ∈ L. 
We stress as a consequence the following
Theorem 2.3. If L is a Moufang loop such that L∗  Z(L) and L∗ has no elements of
order 3, then L′ N(L). In this case the associator map is linear in each variable.
The theorem applies of course to Moufang p-loops, p = 3, with associator subloop
contained in the center.
3. Nilpotency class of multiplication groups
We denote by γi(L) the lower central series of the Moufang loop L. We have γ1(L) = L,
γ2(L) = L′ the associator–commutator subloop of L and γi+1(L) is the normal subloop
of L generated by the elements (a, b, x), [a, x], where a, b ∈ L, x ∈ γi(L). The loop L is
nilpotent of class n if γn(L) = γn+1(L) = {1}.
One shows by induction on the nilpotency class that for nilpotent L, γi+1(L) is gener-
ated as a subloop by the elements (a, b, x), [a, x], a, b ∈ L, x ∈ γi(L).
Now we investigate the multiplication group Mlt(L) associated to a nilpotent Moufang
loop L such that L∗  Z(L).
The following hold:
Lx,y(z) = z(x, y, z)−1, (2)
[Lx,Ry] = Lx,y−1 , (3)
[Lx,Ly] = L−1y,xL[x,y]Lx−1y−1,xyLx,y = L−1y,xL[x,y]Lx,y, (4)
[Lx,y,La] = L−1(x,y,a)La,[x−1,y−1]. (5)
By Lemma 2.1 and (2), the map Lx,y is antisymmetric and homogeneous in x and y.
Moreover, in any Moufang loop Lx,y is a left pseudo-automorphism with companion
[x−1, y−1].
We show (5). The map u is a left pseudo-automorphism with companion c if and only
if LcuLa = Lcu(a)u holds for all a ∈ L. This implies
uL−1a u−1La = L−1c Lcu(a−1)La = Lu(a−1)c−1LcLa.
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u
(
a−1
) = a−1(y, x, a−1)−1 = a−1(x, y, a)−1
with (x, y, a) ∈ Z(L). Therefore,
[Lx,y,La] = L−1(x,y,a)La−1[y−1,x−1]−1L[y−1,x−1]La = L−1(x,y,a)La,[x−1,y−1].
Lemma 3.1. Let L be a Moufang loop such that L∗  Z(L). Set G = Mlt(L) as the as-
sociated multiplication group. The terms γi(G) of the lower central series of G are the
following:
(i) γ1(G) = G,
(ii) γ2(G) = 〈Lc2,Rc2,Lx,c1 | x, y ∈ L, cj ∈ γj (L)〉,
(iii) γi(G) = 〈Lci ,Rci ,Lx,ci−1 ,L(x,y,ci−2) | x, y ∈ L, cj ∈ γj (L)〉, i  3.
In particular, if L∗ has no elements of order 3 then
γi(G) =
〈
Lci ,Rci | ci ∈ γi(L)
〉 for all i  3.
Proof. Define
X1 = {Lx,Rx | x ∈ L},
X2 =
{
Lc2 ,Rc2,Lx,c1 | x, y ∈ L, cj ∈ γj (L)
}
,
Xi =
{
Lci ,Rci ,Lx,ci−1 ,L(x,y,ci−2) | x, y ∈ L, cj ∈ γj (L)
}
, i  3,
and put Hi = 〈Xi〉. Clearly, H1 = G and Hi+1 Hi . We claim [G,Hi] = Hi+1. We show
this for i  3 only, the cases G′ = H2 and [G,H2] = H3 are analogous.
If [G,Hj ] = Hj+1 for j < i, then H1, . . . ,Hi are normal subgroups of G. Therefore,
it is enough to show that the set {[u,Lx], [u,Rx] | u ∈ Xi, x ∈ L} generate the same sub-
group as Xi+1. Indeed,
[Lci ,Rx] = Lci,x−1 ,
[Lci ,Lx] = L−1x,ciL[ci ,x]Lci,x,
[Lx,ci−1 ,Ly] =
[
Lx,ci−1 ,R
−1
y
] = L−1(x,ci−1,y)Ly,[x−1,c−1i−1],
[L(x,y,ci−2),Lz] = [L(x,y,ci−2),Rz] = 1.
As we mentioned at the beginning of the section, elements [x, ci] and some associators
generate γi+1(L). Considering that any element Lci+1 is the product of elements L[ci ,x]
and inner maps Lci,x , we have the proof of our claim. Therefore, γi(G) = Hi for all i.
The particular result in the case in which L∗ has no elements of order 3 is clear by Theo-
rem 2.3. 
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Theorem 3.2. Let L be a nilpotent Moufang loop of nilpotency class n such that
L∗  Z(L). If γn−1(L)N(L) then the nilpotency class of the multiplication group is n,
otherwise it is n + 1. In particular, if n  3 and L∗ contains no elements of order 3 then
the nilpotency class of the multiplication group is equal to the nilpotency class of the loop.
4. The general construction
We write Zk for the (additive) cyclic group of order k.
Theorem 4.1. Let M be a group and k a positive integer. Let f :M → Z(M) and g :M ×
M → Z(M) be maps with the following properties:
(i) f and g vanish on f (M) ∪ g(M,M), that is,
f
(
f (m)
) = f (g(m1,m2)
) = g(f (m1),m2
) = g(g(m1,m2),m3
) = 1
for each m,m1,m2,m3 ∈ M .
(ii) g is bilinear and alternating, which means
g(m1m2,m3) = g(m1,m3)g(m2,m3),
g(m1,m2) = g(m2,m1)−1,
g(m,m) = 1
for each m,m1,m2,m3 ∈ M .
(iii) f satisfies
f (m1m2) = f (m1)f (m2)g(m1,m2)3 (6)
for all m1,m2 ∈ M and f (m)k = 1 for all m ∈ M .
Define the operation
(i1,m1) · (i2,m2) =
(
i1 + i2,m1m2f (m1)i2g(m1,m2)i1+2i2
) (7)
on the set L = Zk ×M . Then, L(k,M,f,g) = (L, ·) is a Moufang loop with unit (0,1).
Proof. We first note that these properties imply f (1) = 1, f (mn) = f (m)n and
f ([m1,m2]) = g(m1,m2)6 for all elements m,m1,m2 ∈ M and integer n. Moreover
f (mm′) = f (m)f (m′)g(m,m′)3 = f (m) for all m ∈ M , m′ ∈ f (M) ∪ g(M,M).
Clearly, (0,1) is a two sided unit element of L(t,M,f,g). Since we have
(i,m) · (−i,m−1f (m)i) = (−i,m−1f (m)i) · (i,m) = (0,1),
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of the equation
(i1,m1) · (i2,m2) = (i3,m3)
are
(i1,m1) = (i3,m3) · (i2,m2)−1 =
(
i3 − i2,m3m−12 f (m2)i2f (m3)−i2g
(
m3,m
−1
2
)i3−2i2),
(i2,m2) = (i1,m1)−1 · (i3,m3) =
(−i1 + i3,m−11 m3f (m1)i1−i3g
(
m−11 ,m3
)−i1+2i3).
Using the properties of f and g, similar calculation shows the Moufang identity. Set x =
(ix,mx), y = (iy,my), z = (iz,mz). Then,
[
x(yz)
]
x = (2ix + iy + iz,mxmymzmx
× f (my)izg(my,mz)iy+2izf (mx)iy+izg(mx,mymz)ix+2iy+2iz
× f (mxmymz)ix g(mxmymz,mx)3ix+iy+iz
)
,
(xy)(zx) = (2ix + iy + iz,mxmymzmx
× f (mx)iy g(mx,my)ix+2iy f (mz)ix g(mz,mx)iz+2ix
× f (mxmy)iz+ix g(mxmy,mzmx)3ix+iy+2iz
)
.
Applying the properties of f and g several times, one obtains equality. Hence,
L(k,M,f,g) is a Moufang loop. 
In the sequel, we identify the group M and subgroup {0} ×M of L(k,M,f,g).
Proposition 4.2. Let k,M,f,g be as in Theorem 4.1 and put L = L(k,M,f,g).
(i) The associator of the elements (i1,m1), (i2,m2), (i3,m3) is
g(m1,m2)
i3g(m2,m3)
i1g(m3,m1)
i2 .
(ii) The commutator of the elements (i1,m1) and (i2,m2) is
[m1,m2]f (m1)i2f (m2)−i1g(m1,m2)3(i1+i2).
(iii) The subgroup of Z(M) generated by f (M) and g(M,M) is contained in Z(L). In
particular, L∗  Z(L).
(iv) L is nonassociative if and only if g is nontrivial.
(v) L′ N(L).
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vanish on f (M) ∪ g(M,M). (iv) is clear by (i) and using the bilinearity of the map g we
obtain (v) as well. 
Now we analyze the internal counterpart of the construction.
Proposition 4.3. Let L be a Moufang loop such that L = 〈w〉M for some normal subgroup
M of L and element w ∈ Z2(L). Let us put k = |w| and define the maps
f :M → Z(M), m 
→ [m,w]
and
g :M ×M → Z(M), (m1,m2) 
→ (m1,m2,w).
Then L ∼= L(k,M,f,g)/N where N = {(i,m) ∈ L(k,M,f,g) | wim = 1}. In particular
L ∼= L(k,M,f,g) if and only if 〈w〉 ∩M = 〈1〉.
Proof. Set the subloop H = 〈[m,w], (m,m′,w) | m,m′ ∈ M〉. L/H is a group, thus L∗ 
H  Z(L) and we can use the results of Lemma 2.1. In order to construct L(k,M,f,g)
we have to show that f and g satisfy the hypothesis of Theorem 4.1. Since H  Z(L),
f and g vanish on f (M)∪ g(M,M) and by the diassociativity g is alternating. By (1), we
have
(z1z2, x,w) = (z1, x,w)(z2, x,w)
(
z1, z2,
[
w−1, x−1
]) = (z1, x,w)(z2, x,w)
for any z1, z2, x ∈ L. From this equality we deduce in particular that g is linear in each vari-
able. The fact that f and g satisfy the equality (6) of Theorem 4.1 is implied by Lemma 2.1.
Finally for all m ∈ M we have f (m)k = [m,w]k = [m,wk] = 1.
Using the properties of the associator we have
(
wi1m1
)(
wi2m2
) = (wi1m1wi2
)
m2
(
wi1m1,w
i2,m2
)−1
= (wi1+i2mwi21
)
m2
(
m1,w
i2,m2
)−1
= wi1+i2(mwi21 m2
)(
wi1+i2,mwi21 ,m2
)(
m1,w
i2,m2
)−1
= wi1+i2(mwi21 m2
)
(m1,m2,w)
i1+i2(m1,m2,wi2
)
= wi1+i2(mwi21 m2(m1,m2,w)i1+2i2
)
= wi1+i2(m1m2[m1,w]i2(m1,m2,w)i1+2i2
)
.
The above calculation implies that the map (i,m) 
→ wim is a loop-homomorphism of
L(k,M,f,g) onto L. The kernel of the homomorphism is clearly N and the statement
follows. 
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Definition 5.1. A group of order pn and nilpotency class n − 1 is said to be of maximal
class if n 4.
Definition 5.2. Let L be a Moufang loop of order pn and nilpotency class n − 2. We say
that L is of maximal class if L is proper and n 5.
Obviously, if the Moufang loop L has order pn and nilpotency class n − 1, then the
Frattini subloop has order pn−2. This means that L is generated by two elements, therefore
it is not proper. This observation implies that the elements of the lower central series of L
have orders pn,pn−3,pn−4, . . . ,1.
Let M be a group of maximal class of order pn. We indicate with
M = γ1(M) > γ2(M) > · · · > γn(M) = 〈1〉
the lower central series of M (i.e. γi(M) = [γi−1,M] for all i > 1). The subgroup M1
is defined to be the centralizer in M of γ2/γ4. M1 is a maximal subgroup of M (see [7,
Proposition 3.1.4]). We set Mi = γi(M) for 2  i  n, thus M > M1 > · · · > Mn−1 >
Mn = 〈1〉 is a chief series for M .
The construction of M1 can be generalized for Moufang loops in the following way.
Lemma 5.3. Let L be a proper Moufang loop of order p5, p > 3. Then L is of maximal
class and
L1 = {x ∈ L | xy = yx for all y ∈ L′}
is a normal subgroup of order p4 in L.
Proof. By Hsu’s result [6, Theorem A], a Moufang loop of nilpotency class 2 is necessarily
associative when p > 3. Hence the nilpotency class of L is 3 therefore L′ has order p2 and
|Z(L)| = p. By [10, Theorem 3], L1 is normal in L. L1 is associative since |L1| p4. Fi-
nally, L/L1 Aut(L′), hence |L : L1| = p since the p-Sylow of the automorphism group
of a group of order p2 is isomorphic to Zp . 
Corollary 5.4. Let L be a Moufang p-loop of maximal class, p > 3. Then, the centralizer
L1 of γ2(L)/γ4(L) in L is a proper maximal normal subloop of L.
Starting from a group of maximal class, we present two ways to construct maximal class
Moufang loops. As expected, we use the loops L(pt ,M,f,g). However, if M is a maximal
class group, one can get rid of f and g.
Lemma 5.5. Let M be a finite p-group of maximal class, p > 3. Then the proper Moufang
loop L(t,M) = L(pt ,M,f,g) with nonsingular g is independent on the choice of f and g.
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fine the map Φ :L(pt ,M,f,g) → L(pt ,M,f ′, g′) by Φ(i,m) = (ri, ϕ(m)) for some
r ∈ {1, . . . , p − 1} and inner automorphism ϕ of M . Since ϕ is inner, g(ϕ(m1), ϕ(m2)) =
g(m1,m2) = ϕ(g(m1,m2)) and ϕ(f (m)) = f (m) hold. Moreover, Φ is an isomorphism if
and only if
f ′
(
ϕ(m1)
)r = f (m1), g′(m1,m2)r = g(m1,m2).
Since g is nonsingular bilinear alternating on the 2-dimensional vector space M/M2, we
have (g′)r = g for some r , hence after applying Φ , we can assume g = g′.
Choose now arbitrary elements s ∈ M \ M1 and s1 ∈ M1 \ M2. Let us fix the generator
z = g(s1, s) of Z(M). By definition, f is fully determined by g and the values α,β ∈ Zp
with zα = f (s), zβ = f (s1). Put s2 = [s1, s], then f (s2) = g(s1, s)6 = z6. Let the inner
automorphism ϕ be the conjugation by susv1 :
ϕ(m) = (susv1
)−1
msusv1 .
Then,
ϕ(s) = ss−v2 m3, ϕ(s1) = s1su2m′3
for some m3,m′3 ∈ M3. Now, by the bilinearity g vanishes on M2 then f ([[m,m′],m′′]) =
g([m,m′],m′′)6 = 1 for any m,m′,m′′ ∈ M , hence f and g vanish on M3. Using this fact
we obtain
f
(
ϕ−1(s)
) = f (ssv2
) = zα+6v, f (ϕ−1(s1)
) = f (s1s−u2
) = zβ−6u.
Since p > 3, we can choose u,v ∈ Zp such that α + 6v = β − 6u = 0, which imply
f ′(s) = f ′(s1) = 1. This means that we can bring f to a unique normal form via an
appropriate map Φ . This proves the independence of L(pt ,M,f,g) on f and g up to
isomorphism. 
Assume t  2 and use the common notation Ω1(Zpt ) for the subgroup consisting of
elements satisfying px = 0. With other words, Ω1(Zpt ) = 〈pt−1〉. Let
θ :Ω1(Zpt ) → Z(M)
be an isomorphism and define Lθ (t,M) as L(t,M)/Nθ where
Nθ =
{(
h, θ(−h)) | h ∈ Ω1(Zpt )
}
.
From the preceding theorem we deduce that Lθ (t,M) is a nonassociative Moufang loop as
well.
When M is a p-group of maximal class (p > 3) we have the following version of Propo-
sition 4.3:
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and M is a p-group of maximal class which is normal in L, p > 3. Put |w| = pt .
(i) If 〈w〉 ∩ M = 〈1〉 then L ∼= L(t,M), otherwise L ∼= Lθ (t,M) for some isomorphism
θ :Ω1(Zpt ) → Z(M).
(ii) M has generators s, s1 such that s1 ∈ M1, [s,w] = [s1,w] = 1 and (s1, s,w) = z
where z is a fixed generator of Z(M).
Proof. By Proposition 4.3 and Lemma 5.5 we deduce that when 〈w〉 ∩ M = 〈1〉 then L
is isomorphic to L(t,M), otherwise L is isomorphic to L(t,M)/N where N = {(i,m) ∈
L(t,M) | wim = 1}. We notice that, since |Z(M)| = p, wp commutes with the elements
of M thus 〈w〉 ∩M  Z(M) hence 〈w〉 ∩M Ω1(〈w〉). It follows that if (i,m) ∈ N then
i ∈ Ω1(Zpt ) and m ∈ Z(M), thus we may consider the map
θ :Ω1(Zpt ) → Z(M), i 
→ m−1,
where (i,m) ∈ N . We have that θ is an isomorphism, and we set Nθ = {(h, θ(−h)) | h ∈
Ω1(Zpt )}. One may easily verify that Nθ = N , therefore L(t,M)/N = L(t,M)/Nθ =
Lθ (t,M). This proves (i), (ii) follows from the proof of Lemma 5.5. 
We list some properties of the Moufang loops L(1,M) and Lθ (2,M).
Proposition 5.7. Let M be a group of maximal class of order pn−1, p > 3. For the loops
L = L(1,M) and Lθ (2,M), the following hold.
(i) L is a proper Moufang loop of order pn and of maximal class n − 2.
(ii) Let Z1(L) = Z(L), . . . ,Zn−2(L) = L be the upper and γ1(L) = L, . . . , γn−1 = {1}
be the lower central series of L. Then
Z1(L) = Z1(M),
∣∣Zi(L) : Zi(M)
∣∣ = p for i = 2, . . . , n− 2,
and
γi(L) = γi(M) for all i = 1, . . . , n− 1.
(iii) Both the nucleus N(L) and the Frattini subloop Φ(L) equals L′ = M ′.
(iv) The associator subloop of L is L∗ = Z(L) = Z(M).
Proof. Note that f (M) = g(M,M) = Z(M). By Proposition 4.2(i), (ii) we deduce
Z(M) = Z(L) and moreover L/Z(M) is isomorphic to the direct product of groups
Zp × M/Z(M) which has nilpotency class n − 3. Thus L∗ = Z(M) and L has nilpo-
tency class at most n− 2, but since it contains M we have that L is a proper Moufang loop
of maximal class n− 2.
Proposition 4.2(ii) implies the results on the central series. Finally, L/M ′ is elementary
Abelian, thus M ′ Φ(L) L′ = M ′. By Proposition 4.2(v) we have M ′ N(L) and since
G.P. Nagy, M. Valsecchi / Journal of Algebra 307 (2007) 547–564 559the associator bracket is an alternating trilinear form on L/N(L), M ′ cannot be proper
in N(L). This finishes the proof. 
At the end of this section, we enumerate some properties of the maximal subloops of
L(1,M) and Lθ (2,M).
Proposition 5.8. Let M be a group of maximal class of order pn−1 and put L = L(1,M) or
Lθ (2,M). Let K be a maximal subloop of L. Then K is associative and noncommutative.
Moreover, if Z2(L)  K , then K ′  Z(L).
Proof. By Proposition 5.7, L/N(L) is a 3-dimensional vector space with the alternating
trilinear form (·, · ,·). Hence, on any subspace K/N(L), the associator bracket is trivial. As-
sume Z2(L)  K and w ∈ Z2(L) \ M . Each k ∈ K can be written as k = wim in a unique
way with m ∈ M , i ∈ Zp . The map K → M , k 
→ m is bijective. By Proposition 4.2(ii),
K ′  Z(L) would imply M ′ Z(L), a contradiction. 
6. Multiplication groups of maximal class Moufang loops
Now, we collect results on the multiplication group of L(1,M) and Lθ (2,M).
Lemma 6.1. Let L be a Moufang p-loop of maximal class satisfying L∗ = Z(L). Then the
inner maps Lx,y generate the group of central automorphisms of L.
Proof. We remind that the automorphism u of L is said to be central, if u(z) = z and
x−1u(x) ∈ Z(L) hold for all x ∈ L and z ∈ Z(L). The inner map Lx,y is a central au-
tomorphism since L∗  Z(L). One can easily show that for a central automorphism u,
the map x 
→ x−1u(x) is a homomorphism L → Z(L), which induces a homomorphism
u¯ : L/L′ → Z(L). The map u 
→ u¯ is an isomorphism between the group of central au-
tomorphisms and Hom(L/L′,Z(L)). The latter has order p3 for the Moufang loop L of
maximal class.
By (2), L¯x,y(z mod L′) = (x, y, z)−1. Take a generating triple g1, g2, g3 of L. Since L
is proper, (g1, g2, g3) = 1. Moreover, for i = j , Lgi,gj (gk) = gk if and only if k ∈ {i, j}.
Hence, L¯g1,g2 , L¯g1,g3 and L¯g2,g3 form a basis for Hom(L/L′,Z(L)). This proves the
lemma. 
Lemma 6.2. Let M be a p-group of maximal class (p > 3) and put L = L(1,M)
or Lθ (2,M). Define the group K1 = {u ∈ Inn(L) | x−1u(x) ∈ Z(L), ∀x ∈ L}. Then
|K1| = p4.
Proof. Denote by CAut(L) the group of central automorphisms of L and by Tx the conju-
gation map y 
→ x−1yx. One knows that Tx is a pseudo-automorphism with companion x3.
By Lemma 6.1, 〈Lx,y〉 = CAut(L) and by Inn(L) = 〈Lx,y, Tx | x, y ∈ L〉, we have
K1 = CAut(L)
〈
Tx | x ∈ Z2(L)
〉
.
By Proposition 5.7, the index of Z2(L) ∩ N(L) in Z2(L) is p, therefore the index of
CAut(L) in K1 is p as well. Lemma 6.1 implies |K1| = p4. 
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L(1,M) or Lθ (2,M). Then Mlt(L) has order p2n+1 and nilpotency class n− 2.
Proof. For any loop L we have Mlt(L/Z(L)) ∼= Mlt(L)/K where
K = {α ∈ Mlt(L) | α(z) = z, x−1α(x) ∈ Z(L), ∀z ∈ Z(L), x ∈ L}.
Clearly, the orbit of 1 under K is Z(L). Using Lemma 6.2, we obtain |K| = |Z(L)||K1| =
p5, where K1 = Inn(L)∩K is the stabilizer of the unit element 1.
The factor L/Z(L) is a group of order pn−1, its center has size |Z2(L)/Z(L)| = p2 by
Proposition 5.7. This implies |Mlt(L/Z(L))| = p2(n−1)−2. The result |Mlt(L)| = p2n+1
follows immediately. The statement on the nilpotency class is a direct consequence of
Theorem 3.2 and Proposition 5.7(i). 
7. Moufang loops of order p5
As an application of the construction given in Section 4 we present the classification of
the nonassociative Moufang loops of order p5 for p > 3.
Proposition 7.1. Let L be a nonassociative Moufang loop of order p5, p > 3. Then the
following holds.
(i) Z(L) = L∗ has order p. L′ = N(L) = Φ(L) has order p2, where Φ(L) denotes the
Frattini subloop of L. Finally, |Z2(L)| = p3.
(ii) L contains a proper normal subgroup of nilpotency class 3. In particular, |M| = p4
and Z2(L)  M .
(iii) The exponent of Z2(L) is p or p2.
(iv) L is isomorphic to L(1,M) or Lθ (2,M) for a group M of maximal class and or-
der p4.
(v) The centralizer L1 of L′ in L is isomorphic to (Zp × Zp)  Zp2 or ((Zp × Zp) 
Zp)× Zp .
Proof. (i) By Lemma 5.3 the nilpotency class of L is 3. Moreover, L is generated by at
least 3 elements, thus |Z(L)| = p and |L′|  p2. Since L/Z(L) is a group of nilpotency
class 2, we have L∗ = Z(L), |L′| = p2 and |Z(L/Z(L))| = p2, cf. [5, Satz 12.6]. The
latter means |Z2(L)| = p3. L∗ = Z(L) implies L′  N(L) by Theorem 2.3, and since
|L : N(L)| p3 we have L′ = N(L). Since L is generated by 3 elements, L/L′ is elemen-
tary Abelian, thus, Φ(L) = L′.
(ii) Let a ∈ Z2(L)\L′ and set L = 〈a, b, c〉. Since (a, b, c) = 1, by [1, Lemma VII.5.6],
we have that the associated Bruck loop (L,◦) is not an Abelian group. Take x, y ∈ L such
that x and y do not commute in (L,◦) and consider the subloop M = 〈x, y〉 of L. By the
diassociativity of L we have that M is a group, and of course the associated Bruck loop
(M,◦) is not an Abelian group.
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to a group G is an Abelian group if and only if the nilpotency class of G is at most 2.
From this result we deduce that M is a group of nilpotency class at least 3, and since L
has nilpotency class 3 we have that the nilpotency class of M is exactly 3. Now M is a
subgroup of nilpotency class 3 of a nonassociative loop L of order p5, therefore the order
of M is p4, that is M is a group of maximal class of order p4.
(iii) We have seen that M can be generated by two elements, none of which can lie in
Z2(L) since M has class 3. The fact that Z2(L) has exponent at most p2 follows from the
fact that for each a ∈ L, b ∈ Z2(L), the commutator [a, b] lies in Z(L). Therefore, 1 =
[a, b]p = [a, bp], which means bp ∈ Z(L). (iv) is a direct consequence of Proposition 5.6.
The groups of order p4 are well known, cf. [5, Satz 12.6]. Therefore, if M has class
3 and order p4, then M ′ has rank 2. By Proposition 5.7(iii), L′ = M ′ ∼= Zp × Zp . Take
s, s1,w ∈ L as in Proposition 5.6(ii), hence [[s1, s],w] = 1 by Lemma 2.1. This implies
w /∈ L1. Assume L1/Z(L) to be commutative. Then, L/Z(L) = 〈wZ(L)〉 × L1/Z(L)
would be an Abelian group, which contradicts to the fact that L has nilpotency class 3.
Therefore, L′1 = Z(L). One shows similarly that L/Z(L) and L1/Z(L) have exponent p.
Using the classification of the groups of order p4, this is enough to obtain (v). 
The groups of order p4 and nilpotency class three are the following:
H1(s) =
〈
g1, g2, g3, g4 | gp1 = gp3 = gp4 = 1, gp2 = g4, [g2, g3] = 1,
[g2, g1] = g3, [g3, g1] = gs4
〉
,
where s is equal to 1 or it is not congruent to a square mod p.
H2 =
〈
g1, g2, g3, g4 | gp1 = gp2 = gp3 = gp4 = 1,
[g1, g4] = [g2, g3] = [g2, g4] = [g3, g4] = 1, [g2, g1] = g3, [g3, g1] = g4
〉
,
H3 =
〈
g1, g2, g3, g4 | gp2 = gp3 = gp4 = 1, gp1 = g4,
[g2, g3] = [g2, g4] = [g3, g4] = 1, [g2, g1] = g3, [g3, g1] = g4
〉
.
Lemma 7.2. For M ∈ {H1(s),H2,H3}, and L = L(1,M) or L = Lθ (2,M), one can
choose generators w,g1, g2, g3, g4 such that g1, g2, g3, g4 generate M as above and the
following hold:
(i) Z(L) = 〈g4〉, L′ = N(L) = Φ(L) = 〈g3, g4〉, Z2(L) = 〈w,g3, g4〉.
(ii) [w,g1] = [w,g2] = 1. Moreover, [g3,w] = g64 if M ∈ {H2,H3}, and [g3,w] = g6s4 if
M = H1(s).
Proof. (i) is trivial from the construction of L(1,M) and Lθ (2,M). By Proposition 5.6(ii),
we can choose g1 ∈ M \ M1 and g2 ∈ M1 with M = 〈g1, g2〉, [w,g1] = [w,g2] = 1 and
(g2, g1,w) = [[g2, g1], g1]. Put g3 = [g2, g1] and pick an element g4 ∈ Z(M) such that
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relations above. Moreover,
[g3,w] =
[[g2, g1],w
] = (g2, g1,w)6 =
[[g2, g1], g1
]6 = [g3, g1]6 = g6s4
with s = 1 if M ∈ {H2,H3}. 
Now set
θε :Ω1(Zp2) → Z(H3), tp 
→ gtε4 ,
where ε is an integer, ε ≡ 0 (mod p) and define C(2,H3) = Lθ6(2,H3). Let us observe that
in Lθε (2,H3), wp = gε4 holds.
Lemma 7.3. The following hold:
(i) L(1,H1(s)) ∼= L(1,H3) and Lθ (2,H1(s)) ∼= Lθ ′(2,H3) for some map θ ′.
(ii) The definition of C(2,H2) = Lθ (2,H2) does not depend on θ .
Proof. All the loops considered will be seen as an internal product of the form 〈w〉M , see
Proposition 5.6.
(i) Let L be a loop isomorphic to a loop among L(1,H1(s)), Lθ (2,H1(s)). We have
(
w−1/6g1gα2
)p = w−p/6gp1 gpα2 = w−p/6gα4 ,
hence for some α ∈ Zp , (w−1/6g1gα2 )p = 1. Take an element β = 0, α of Zp and consider
the group K = 〈w−1/6g1gα2 , g1gβ2 〉. We have |g1gβ2 | = |g2| = p2, therefore exp(K) = p2.
Furthermore,
[
w−1/6g1gα2 , g1g
β
2
] = [w−1/6, g1gβ2
][
g1g
α
2 , g1g
β
2
]
(w,g1, g2)
− 12 (β−α)
= (w,g2, g1)− 12 βgα−β3 (w,g1, g2)−
1
2 (β−α)
and
[[
w−1/6g1gα2 , g1g
β
2
]
, g1g
β
2
] = gs(α−β)4 .
This means K has nilpotency class 3. Finally, 〈w−1/6g1gα2 , g3, g4〉 ∼= Z3p by
[
w−1/6g1gα2 , g3
] = [w−1/6, g3
][g1, g3] = gs4g−s4 = 1,
thus, K ∼= H3. Noting that L = 〈w〉K we get the statement by Proposition 5.6.
(ii) Set M = H2. Consider the map
α :L(2,H2) → L(2,H2), wi
(
g
j
g
) 
→ wi(gjgr)1 1
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f (g2) = 1 and f (g3) = g(g2, g1)6 = g64 , α is an isomorphism of L(2,H2). Clearly, the
α’s act transitively on the diagonal subgroups of L(2,H2), hence Lθ (2,H2) is independent
on the choice of θ . This proves (ii). 
Lemma 7.4. If ε ≡ 6 (mod p) then Lθε (2,H3) ∼= C(2,H2).
Proof. Consider Lθε (2,H3) as internal product and define the subgroup K = 〈w−1/εg1〉
〈g2, g3, g4〉. We have |K| = p4 and exp K = p since (w−1/εg1)p = w−p/εgp1 =
g
−ε/ε
4 g4 = 1. Using Lemma 2.1 for the calculation of the commutators we have
[
g2,w
−1/εg1
] = [g2,w−1/ε
][g2, g1](w,g2, g1)−3/ε = g3(w,g2, g1)−3/ε,
[
g3,w
−1/εg1
] = [g3,w−1/ε
][g3, g1] = g−6/ε+14 = 1.
We deduce |K ′| = p2 therefore K is a maximal class group of exponent p hence K ∼= H2.
Moreover Lθε (2,H3) = 〈w〉K thus by Proposition 5.6 and Lemma 7.3(ii) we get the state-
ment. 
Theorem 7.5. The nonassociative Moufang loops of order p5 for p > 3 are (up to isomor-
phism) L(1,H2),L(1,H3),C(2,H2),C(2,H3). In particular one can choose generators
w,g1, g2, g3, g4 satisfying the following relations:
g
p
2 = gp3 = gp4 = 1, gp1 = gα4 , wp = gβ4 ,
[g1, g4] = [g2, g3] = [g2, g4] = [g3, g4] = 1, [g2, g1] = g3, [g1, g3] = g4,
[g1,w] = [g2,w] = [g4,w] = 1, [g3,w] = g64,
(g2, g1,w) = g4,
where (α,β) ∈ {(0,0), (0,1), (1,0), (1,6)}.
Proof. Let L be a nonassociative Moufang loop of order p5. By Proposition 7.1(iv), the
classification of maximal class groups of order p4 and Lemmas 7.3 and 7.4 we have that
L is isomorphic to one loop among the following: L(1,H2),L(1,H3),C(2,H2),C(2,H3).
For C(2,H2), wp can be choosen freely, hence wp = g4 can be reached. For C(2,H3), we
have wp = g64 by definition. Lemma 7.2 implies the rest of the relations.
It remains to show that these loops are nonisomorphic. One calculates the centralizer of
L′ as L1 = 〈w−1/6g1, g2, g3, g4〉. Table 1 presents to structure of Z2(L) and L1 in the four
cases.
This finishes the proof. 
Remark. (1) The table shows that L(1,H2) is the only nonassociative Moufang loop of
order p5 and exponent p. In particular, L(1,H2) is isomorphic to the loop given in [11,
Section 4].
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Constants α,β Structure of Z2(L) Structure of L1
L(1,H2) 0,0 Z2p  Zp (Z2p  Zp)× Zp
L(1,H3) 1,0 Z2p  Zp Z2p  Zp2
C(2,H2) 0,1 Zp2  Zp Z
2
p  Zp2
C(2,H3) 1,6 Zp2  Zp (Z
2
p  Zp)× Zp
(2) There is another way to complete the classification of the proper Moufang loops of
order p5, p > 3: The structure of L1 can be obtained for any L(1,M) and Lθ (2,M) di-
rectly. Further, one shows that Z2(L) is not contained in L1. In the final step, one constructs
L from L1 using Theorem 4.1. We leave the details for the reader.
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